Abstract. Rigidity of nondegenerate Blaschke surfaces in R 3 is studied. The rigidity criteria are given in terms of ∇R, where R is the curvature of the Blaschke connection ∇. If the rank of ∇R is 2, then the surface is rigid. If ∇R = 0, it is nonrigid. In the case where the rank of ∇R is 1 there are both rigid and nonrigid surfaces. This case is discussed for various types of surfaces.
In this paper we study the rigidity problem for nondegenerate Blaschke surfaces. In a short note [C] in 1924, E. Cartan wrote that in general such surfaces are rigid and indicated three classes of exceptions. Some clarifications were offered later iń Slebodziński's paper [Sl] . We propose a definition of rigidity at a point that fits well the fundamental theorems known in affine differential geometry. Applying this method to a large class of surfaces we obtain some rigidity theorems and examples of nonrigid surfaces. The results in this paper are of local nature. Examples of global rigidity theorems are those of Cohn-Vossen type, see [S] and [NO] .
The author is grateful to Professor Katsumi Nomizu for calling her attention to the papers of Cartan andŚlebodziński and for valuable comments on this work.
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Let ∇ be a torsion-free connection on a 2-dimensional manifold M and f : (M, ∇) → R 3 be an affine immersion, that is, around each point of M there is a transversal vector field ξ inducing ∇ according to the Gauss formula:
where D denotes the standard connection on R 3 . An immersion is called nondegenerate if the second fundamental form h is nondegenerate at every point of M . The Ricci tensor Ric of ∇ is symmetric if and only if ξ can be chosen equiaffine, i.e. with the property that Dξ is tangential. In this case f is called equiaffine and the Weingarten formula can be written as follows
A nondegenerate affine immersion f : (M, ∇) → R 3 is called Blaschke if Ric is symmetric and for any equiaffine transversal vector field ξ inducing ∇ and h we have ∇θ h = 0, where θ h is the volume element determined by h. We shall also use the name "a Blaschke surface". The parallelism of θ h is equivalent to the condition tr h ∇h(X, ·, ·) = 0 and is called the apolarity condition. If an equiaffine immersion is given, then it will be automatically equipped with an equiaffine transversal vector field (defined around a point under consideration) inducing the given connection and h, S will be the second fundamental form and the shape operator induced by the transversal vector field. Equiaffine transversal vector fields inducing the same connection are equal to each other up to a constant (on a connected common domain). The induced second fundamental forms as well as shape operators induced by proportional equiaffine transversal vector fields are proportional. Our study will not depend on a choice of an equiaffine transversal vector field. For an equiaffine immersion the fundamental equations are the following:
where R is the curvature tensor of ∇. For a more detailed exposition of the theory of affine immersions we refer to [NS] .
In what follows by a neighbourhood we shall mean a connected open neighbourhood, and the expression "around x" will stand for "in some neighbourhood of x". All the connections considered in this paper are assumed to be torsion-free. If K is a tensor field of type (r, k) 
3 be a Blaschke immersion. It is called globally rigid if for every Blaschke immersion f : (M, ∇) → R 3 the immersions f and f are affine equivalent, i.e. f = Bf for some B from the general affine group A(R 3 ). We shall say that f is rigid at x ∈ M if the following condition is satisfied: If f : (U, ∇ |U ) → R 3 is a Blaschke immersion where U is some neighbourhood of x,
). An immersion will be called nonrigid at x if it is not rigid at x. Assume now that ∇ is a connection on a 2-dimensional manifold M . We define the rank of ∇R at x, and denote it by rk (∇R) x , as the dimension of the space
If ∇ and vectors X, Y ∈ T x M are given, then we set (2.2)
We have
Througout the paper by a metric compatible with a Ricci-symmetric connection ∇ we shall mean a nondegenerate symmetric form h such that (1.4) is satisfied, ∇θ h = 0 and
for every X, Y . The last equality is equivalent to: tr h ∇Ric(·, ·, X) = 0 for every X. We set (2.7) P = h(∇Ric, ∇Ric).
If f : (M, ∇) → R 3 is a Blaschke immersion, then the induced second fundamental form is compatible with ∇. Conversely, the fundamental theorem says (see Theorem 1 in [DNV] ) that if h is a metric compatible with ∇ on some simply connected region U , then there is a unique modulo
inducing h. Therefore we have
be a Blaschke immersion with a second fundamental form h around x ∈ M . The immersion f is rigid at x if and only if for every metric h defined around x and compatible with ∇ the metrics h and h are proportional around x. It is nonrigid at x if and only if there is a metric h defined around x and compatible with ∇ such that h and h are not proportional in any neighbourhood of x.
Hence the equality
does not depend on a choice of a basis X, Y ∈ T x M . Conditions (2.8) and (2.6) are equivalent.
The following result is, in fact, due toŚlebodziński, see [Sl] .
Proposition 2.2. Let ∇ be a connection on a 2-dimensional manifold and f
Proof. Let X, Y be a tangent frame around x. Any two symmetric bilinear forms satisfying (2.8) must be proportional around x because the rank of the system of
An immediate consequence of this proposition is the following Corollary 2.3. Proper affine spheres are rigid at points where the Fubini-Pick invariant is nonvanishing.
Proof. For a proper affine sphere, S = λ id for some nonzero constant λ.
Since 1 (X, Y ) + 3 (X, Y ) = 0, we have that rk∇R x = 2 if and only if 1 (X, Y ) and 2 (X, Y ) or 3 (X, Y ) and 2 (X, Y ) are not proportional around x. From (2.4), (2.9) and the apolarity condition it is easily seen that it happens if and only if J x = 0. According to Proposition 2.2 the only points of nonrigidity might be those where rk∇R is less than 2. In most cases rk∇R = 2. If rk∇R = 0 on M, then, by the symmetry of the Ricci tensor, we have ∇R = 0, i.e. ∇ is locally symmetric. Locally symmetric Blaschke immersions are nonrigid, see [Sl] , [O] 1 . The condition rk∇R < 2, however, is not sufficient for nonrigidity. This will be explained in the next sections.
3
Assume that rk∇R = 1 in a neighbourhood U of x. Let Γ be a nowhere vanishing section of im∇R on U . Fix a tangent frame X 1 , Y 1 on U . Denote by g 1 a symmetric bilinear form defined by (3.1)
By choosing another tangent frame we get a form proportional to g 1 . Similarly taking another section Γ of im∇R we get a proportional form. In this way ∇R determines a "conformal" structure, say g, possibly degenerate. Assume first that g has constant rank 1 on U . Then ker g is a 1-dimensional distribution on U . Let X be a nowhere vanishing section of ker g on U and Y be any tangent vector field linearly independent of X on U . Then 1 (X, Y ) = 0, 2 (X, Y ) = 0 and Coming back to the assumptions rk∇R = 1 and rk g = 1 on U we now assume that the distribution ker g is ∇-totally geodesic. Let (u, v) be a coordinate system such that ∂ u spans ker g and ∇ ∂u ∂ u = 0. Since h(∂ u , ∂ u ) = 0, f is ruled. Conversely, assume that f is a ruled Blaschke immersion (more precisely locally ruled), that is, f is locally of the form f (u, v) = p(v) + uq (v) . It is known that the asymptotic distribution given by ∂ u is ∇-totally geodesic (even parallel). By a straightforward computation we also obtain that 1 (∂ u , ∂ v ) = 2 (∂ u , ∂ v ) = 0. Therefore we have the following characterization of ruled surfaces in terms of the induced connection only. The following observation was made by Cartan in [C] . 
for every Z. By a straightforward computation one can verify that h is compatible with ∇. The proof is complete.
By Lemma 3.2 we know that if ∇R = 0 at x on a ruled surface, then ∇ can be immersed by a Blaschke immersion around x only by ruled immersions. We shall show that there are no immersions except for those obtained in Proposition 3.3. It is worth to point out that if ∇ is a locally symmetric connection whose Ricci tensor has rank 1 on a ruled Blaschke surface, then the connection can be also immersed by nonruled (for instance convex) immersions, see [O] 1 .
Assume that f, f : (M, ∇) → R 3 are Blaschke immersions and rk∇R = rk g = 1 on M . Let h, h be the respective induced second fundamental forms. We know that f and f are nonconvex. Let (u, v) be an asymptotic coordinate system for h. By the apolarity we have ∇h(
We know that one of the asymptotic distributions for h and h is given by ker g. Let ∂ u spans ker g. Then h(∂ u , ∂ u ) = 0 and consequently
Since both volume elements θ h and θ h are ∇-parallel, we can assume that they are equal and consequenly we can assume that h(
In order that ∇h be symmetric lr must vanish. If ker g is not totally geodesic at x, then r = 0 around x and consequently l = 0 around x. In this case f is rigid at x. If ker g is totally geodesic around x, i.e. if f is ruled, then we have ∇h (∂ u 
Hence l depends only on v and h is as in the proof of Proposition 3.3. As an additional piece of information we have If P x = 0, then, using also (2.3), we see that 1 (X, Y ) and 3 (X, Y ) are linearly independent. Again we can use Proposition 2.2 to finish the proof.
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In this section we shall study the case where rk∇R = 1, rk g = 2 and g is indefinite on some neighbourhood of a point x. There are some important classes of affine immersions of this category. For instance, as an immediate consequence of formula (2.8) 
where a 2 , b 1 are given by
Proof. Assume that h is a metric compatible with ∇ defined around x. We may assume that θ h = θ h . By (2.8) we have h(X, Y ) = h(X, Y ) = 0. Therefore there is a nowhere vanishing function α such that
From the Codazzi equation for h we obtain
Comparing the last formulas with (4.4), (4.5) we get (4.1) and (4.2). Conversely, if a function α has properties mentioned in the lemma, then defining h by (4.3) we get a metric compatible with ∇. The assertion now follows from Lemma 2.1.
We shall apply the above lemma to Blaschke immersions whose affine shape operator S is diagonalizable, has rank 1 and im S is ∇-parallel. The geometric interpretation of the last two properties is that the equiaffine transversal vector field inducing S is planar, see [O] 2 . Let us briefly recall the construction of such immersions. Let (u, v) be a coordinate system on R 2 . Let U be an open subset on which a function a(u) and a positive valued function φ (u, v) satisfy the equation
where 1 , 2 are ±1. Let (4.9)
Then h given by (4.10)
is compatible with ∇, the Blaschke immersion of ∇ inducing h has diagonalizable shape operator S of rank 1 and im S is ∇-parallel. Conversely, on every Blaschke surface whose shape operator S is diagonalizable, has rank 1, and im S is ∇-parallel there is an atlas of coordinates in which ∇ and h are expressed as above. By a straightforward computation we obtain
Equations (4.1), (4.2) are given by α v = 0, i.e. α depends only on u, and
If (log φ) uv = 0 on some neighbourhood U of x, then the only solution of (4.12) is α = 1 on U and consequently f is rigid at x. If (log φ) uv = 0 around x, then there are infinitely many nonequivalent to f Blaschke immersions of ∇ around x. Both situations occur. Namely, let φ 1 (u), φ 2 (v) be functions satisfying the equations (4.13) 2 φ 2 + kφ 2 = 0, (4.14)
where k is an arbitrary constant. Then φ = φ 1 φ 2 is a solution of (4.8). For such a φ we have (log φ) uv = 0. For any constant c ≥ 0 the function
is a solution of (4.12). If c = 0, then α = 1 around x. On the other hand if φ 1 , φ 1 are R-linearly independent solutions of (4.14) and φ 2 and φ 2 are R-linearly independent solutions of (4.13), then φ = φ 1 φ 2 + φ 1 φ 2 is a solution of (4.8) such that (log φ) uv = 0 around some point.
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In this section we shall continue the study of the rigidity problem for Blaschke surfaces whose shape operator S has constant rank 1. Such surfaces with nondiagonalizable shape operator are nonrigid. Namely we have (see [OS] 
Proof. The second assertion follows from formula (2.4). Namely, if im S is ∇-parallel at x, then (∇S) x has values in im S. Consequently, (∇R) x has values in im S which is 1-dimensional by assumption. In order to prove the first assertion consider the sets We also have
where Z ∈ im R(∂ u , ∂ v ) = im S. Using formulas (5.2), (5.3) and taking into account that B = 0, ι = 0 and rk∇R = 1 we get a contradiction. Hence im S must be ∇-parallel at x. If x ∈ int M 2 , then the assertion follows from Lemma 5.1 and properties of ruled surfaces. If x / ∈ int M 2 and x n ∈ M 1 is a sequence converging to x, then by the previous part of the proof we have that im S is ∇-parallel at every x n , and consequently at x. The proof is complete.
A consequence of the above lemma is the following Theorem 5.3. If f : (M, ∇) → R 3 is a Blaschke immersion, its shape operator S has rank 1 around x and im S is not ∇-parallel at x, then f is rigid at x.
Proof. Since im S is not parallel at x, (∇R) x = 0. By Lemma 5.2 we have rk∇R = 2 at x. The assertion now follows from Proposition 2.2.
A geometric interpretation of the condition rk S = 1 is that the transversal vector field ξ inducing S is a curve, i.e. for every x ∈ M there is a coordinate system (u, v) in which ξ depends on one variable. The parallelism of im S is equivalent to the fact that ξ is a planar curve. For more details see [O] 2 , [OS] . Therefore the last result can be reformulated as follows. 
